We p r e s e n t new existence and multiplicity results for regular and singular periodic second order boundary value problems.
Introduction
In the literature concerning nonlinear boundary value problems we can often nd methods based on the lower and upper functions approach (see e.g. 1] and references therein). On the other hand, the problem of construction of lower and upper functions has been solved very rarely. In this paper we ll this gap and present conditions ensuring the existence of nonconstant possibly nonsmooth lower and upper functions to the periodic boundary value problem and nd estimates for them. This enables us to prove the existence theorem for the periodic problem for the Du ng equation with a repulsive singularity which extends the classical result of Lazer & Solimini 4] and supplements the results obtained by some of their followers (see e.g. 2], 8] or 13]). In particular, our result is closely related to that of Omari & Ye 8] .
Throughout the paper we assume: The following de nition generalizes most of the earlier ones and is taken from 9]. f(t 2 (t)) for a.e. t 2 0 2 ] 2 (0) = 2 (2 ) and 2 (0) = 2 (2 ):
For the existence results obtained in this paper we will need the following theorem which is contained in 9, The following lemma will be often used in this paper. h(t ) = t(2 ; 2 + t) 2 if t h(t ) = (2 ; t)(2 ; t) 2 if t: (2.13) Then there exist lower functions ( ) of (1.1) such that A(t) (t) B(t) on 0 2 ] and 2 A C ( 0 2 ] n f g): (2. Now, choosing c = c 0 + 6 kbk 1 +A we obtain (t) = 6 kbk 1 +A+a h (t )+ 0 (t) on 0 2 ]: Thus, with respect to (2.15), we have A + a h (t ) (t) A + a h (t ) + 3 kbk 1 on 0 2 ] which means that (2.14) holds. Since a 0 according to (2.11) this yields 0 (t) = a + b(t) f(t (t)) a.e. on 0 2 ]: Furthermore, with respect to (2.2) we h a ve (0) = (2 ) a n d (0) = (2 ) a n d hence, by De nition 1.1 the functions ( ) are lower functions of (1.1).
The following assertion is dual to Proposition 2.4 and its proof can be omitted. 3. Periodic problems with strong singularity and g has strong singularity a t 0 , i.e. g(x) if x > " n : (3.12) 3.3. Lemma. Assume that g 2 C (0 1) satis es (3.3), (3.5) and (3.6) and let g n n 2 N be given by (3.12) and q n (x) = g n (x) ; p(x) on R : In virtue of (3.5), there is C 0 such that q n (x) ; C for all x 2 R and all n 2 N : Thus, since according to (3.14) and 0 2 ] u k (t) = 1: (3.18) In particular, for any k 2 N there is t k 2 0 2 ] such that u k (t k ) = r: Furthermore, if we extend the functions u k k 2 N and e to functions 2 -periodic on R we get that u 00 k (t) = g k (u k (t)) + e(t) for a.e. t 2 R and any k 2 N : (3.19) On the other hand, if we m ultiply (3.19) by u k (t) integrate from t k to t k + 2 and take i n to account Lemma 3.3, we get that there exist 2 (0 
